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Abstract
A multiphase model and its application to wavefields numerical simulation are discussed in
the context of modeling of compressible fluid flows in elastic porous media. The derivation
of the model is based on a theory of thermodynamically compatible systems and on a model
of nonlinear elastoplasticity combined with a multiphase compressible fluid flow model. The
governing equations of the model include phase mass conservation laws, a total momentum
conservation law, an equation for the relative velocities of the phases, an equation for mixture
distortion, and a balance equation for porosity. They form a hyperbolic system of conservation
equations that satisfy the fundamental laws of thermodynamics. Two types of phase interac-
tion are introduced in the model: phase pressure relaxation to a common value and interfacial
friction. Inelastic deformations also can be accounted for by source terms in the equation for
distortion. The thus formulated model can be used for studying general compressible fluid
flows in a deformable elastoplastic porous medium, and for modeling wave propagation in a
saturated porous medium. Governing equations for small-amplitude wave propagation in a
uniform porous medium saturated with a single fluid are derived. They form a first-order hy-
perbolic PDE system written in terms of stress and velocities and, like in Biot’s model, predict
three type of waves existing in real fluid-saturated porous media: fast and slow longitudinal
waves and a shear wave. For the numerical solution of these equations, an efficient numerical
method based on a staggered-grid finite difference scheme is used. The results of solving some
numerical test problems are presented and discussed.
1 Introduction
The modeling of fluid flows in porous media is of permanent interest in many geophysical and
industrial applications. The starting point of research developments in this field was a series of
pioneering works by Biot [2, 1, 3], in which a model of elastic wave propagation in saturated porous
media was proposed. Some modifications and generalizations of the model have been made (see,
for example [5, 20, 41] and references therein), and at present Biot’s approach is a commonly
accepted and widely used one in geophysical community. Nevertheless, many actual technological
and scientific problems, such as geothermal energy extraction, CO2 storage, hydraulic fracturing,
fuel cells, food production, etc. require new advanced models and methods.
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To simulate the development of nonlinear, temperature dependent processes in porous me-
dia, methods of continuum mechanics and, in particular, multiphase theories can be successfully
used. A two-phase approach to poroelasticity has been, perhaps, most consistently implemented by
Wilmanski in [40, 39] (see also references therein). In particular, in a review paper, [39], the struc-
ture of Biot’s poroelastic model was analysed and its consistency with the fundamental principles
of continuum mechanics was discussed.
In recent years, considerable attention has been paid to the modeling finite-strain saturated
porous media and their applications in various fields, in particular in medicine, see, for example,
[18, 30, 25]. Worthy of mention is a large-deformation model of a saturated porous medium
proposed by Dorovsky [4], in which the key point of the model is thermodynamic consistency
and hyperbolicity of the governing equations. Nevertheless, there is still no thermodynamically
consistent formulation of a multiphase mixture flow model in a deforming porous medium with
finite deformations.
In this paper, we apply a powerful method of designing new models of complex continuum
media, which is based on a thermodynamically compatible system theory [11, 13, 12]. It allows the
development of well-posed models satisfying the fundamental laws of irreversible thermodynamics.
In [13, 33, 35, 14, 28], a class of Symmetric Hyperbolic Thermodynamically Compatible (SHTC)
systems was formulated to describe many known classical equations of continuum mechanics and
electrodynamics (fluid mechanics, solid mechanics, electrodynamics, magnetohydrodynamics) in-
cluding advective and dissipative processes. All SHTC systems have nice mathematical properties:
symmetric hyperbolicity in the sense of Friedrichs [10] and a conservative form of the equations.
The solutions to the governing PDE system satisfy fundamental laws of non-equilibrium irreversible
thermodynamics: conservation of total energy (first law) and non-decreasing of physical entropy
(second law).
The SHTC system theory is a first principle type theory. It allows the derivation of govern-
ing PDEs for a quite wide class of physical processes from a variational principle [28] (Hamiltons
principle of stationary action). In particular, the SHTC approach has been successfully applied
to the development of a hierarchy of compressible multi-phase flow models [32, 31, 34, 26]. Re-
cently, a unified SHTC model of Newtonian continuum mechanics has been developed [8, 9]. It
simultaneously describes the dynamics of elastoplastic solids, as well as of viscous and non-viscous
fluids in the presence of electromagnetic fields. In the present paper, we extend this unified model
to describe solid-fluid two-phase flows. The governing equations of the model also belong to the
class of SHTC equations. The interfacial friction between the liquid and solid phases and shear
stress relaxation are implemented in the model as relaxation-type source terms in accordance with
the laws of thermodynamics. The latter allows taking into account the time dependence of elastic
moduli on frequency and using numerical methods to study wave propagation problems.
The rest of the paper is organized as follows. Section 2 briefly describes the governing PDEs
for a unified model of continuum mechanics and for a two-phase compressible fluid model. By
combining the above two models, a governing master SHTC system for a two-phase solid-fluid
medium is formulated. In Section 3, using this model governing equations are derived for small-
amplitude wave propagation in a stationary saturated porous medium. In Section 4 we discuss
the differences and similarities between the Biot and SHTC models. In Section 4.2, we derive
a dispersion relation for the thus obtained acoustic equations and study the properties of the
wavefields. In Section 5, an efficient finite difference method for small-amplitude wave propagation
is presented and some numerical results are discussed.
2
2 System of governing PDEs for poroelastic media
To develop a poroelastic model whose governing equations form a symmetric hyperbolic thermody-
namically compatible (SHTC) system, a unified thermodynamically compatible continuum model
formulated in [29, 8] is coupled to a two-phase compressible fluid model [31].
2.1 SHTC governing equations of unified solid-fluid model
We first recall the governing PDE system of the unified model for a deforming and flowing contin-
uum which reads
∂ρvi
∂t
+
∂
(
ρvivk + pδik − σik
)
∂xk
= 0, (1a)
∂ρ
∂t
+
∂ρvk
∂xk
= 0, (1b)
∂Aik
∂t
+
∂Aijv
j
∂xk
+ vj
(
∂Aik
∂xj
− ∂Aij
∂xk
)
= −ψik
θ
, (1c)
∂ρs
∂t
+
∂ρsvk
∂xk
=
ρ
θT
ψikψik ≥ 0. (1d)
Here, (1a) is the linear momentum conservation law, (1b) is the mass conservation law, (1c) is the
evolution of the distortion matrix, and (1d) is the entropy balance law.
As an independent set of state parameters we take velocity vk, mass density ρ, distortion Aik,
and entropy s. Density is connected with distortion by an algebraic compatibility constraint such
as ρ = ρ0 detA, where ρ0 is a reference density. Additional parameters of the medium presented
in the above system are pressure p, shear stress σik, and temperature T . They are connected with
density, distortion, and entropy via specific total energy E(v, ρ, s,A):
p := ρ2
∂E
∂ρ
≡ ρ2Eρ, σij := −ρAki ∂E
∂Akj
≡ −ρAkiEAkj , T :=
∂E
∂s
≡ Es. (2)
The source term in the equation for distortion characterizes the rate of inelastic deformation, where
ψ = ∂E∂A . The parameter θ(τ) depends on the shear stress relaxation time τ , which can vary from∞ (elastic medium) to 0 (inviscid fluid) via the realm of dissipative media 0 < τ <∞ (elastoplastic
solids, viscous Newtonian and non-Newtonian fluids), see e.g. [27, 7, 17].
To close the model, we define how the energy E and the parameter θ depend on the parameters
of state. We take the energy in the form
E = E1(ρ, s) + E2(ρ, s,A) + E3(v), (3)
where E3 =
1
2v
ivi is specific kinetic energy, E1 is the ”hydrodynamic” part corresponding to the
energy of volume deformations only, and E2 is the energy of shear strain. In order to provide a
zero trace of shear stress, tr(σ) = 0, we take E2 depending on A via the normalized strain tensor
g = aTa, where a = A/(detA)1/3. It gives g = G/(detG)1/3, where G = ATA. Then, energy
E2 can be defined as in [24]:
E2 =
1
8
c2sh
(
tr(g2)− 3) , (4)
where csh is the shear velocity of sound under reference conditions.
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Using the above definition, we can take the derivative of E with respect to A:
∂E
∂A
=
∂E2
∂A
= −ρ−1F Tσ = c
2
sh
2
F T
(
g2 − tr(g
2)
3
I
)
, (5)
where F = A−1. Then the shear stress is trace-free, and it reads as
σ = −ρc
2
sh
2
(
g2 − tr(g
2)
3
I
)
, tr(σ) = 0. (6)
The coefficient θ is a function of the parameters of state, and it can be taken in the form
[8, 7, 27]
θ ∼ c2shτ(ρ, T, Y )>0, (7)
where Y =
√
3
2 tr(σ
2) is the intensity of shear stress.
The source term in the equation for distortion produces a nonnegative entropy production
source term in (1d). It is important to note that for system (1) there is an additional conservation
law [28]:
∂ρE
∂t
+
∂
(
ρvkE + vi(pδik − σik)
)
∂xk
= 0, (8)
which is the conventional energy conservation law.
2.2 SHTC governing equations of two-phase compressible fluid flow model
In the two-phase compressible fluid model, the flow is considered as a mixture of two immiscible
constituents with their own parameters of state. Thus, the general model should take into account
the difference between velocities, pressures, and temperatures of the constituents. That means that
if we consider velocity, density, and entropy to be the basic parameters of state, they can be different
for each phase. In our consideration, we restrict ourselves to a single entropy approximation which
is suitable for small variations of phase temperatures [34].
The SHTC system for two-phase compressible flow with a single entropy approximation [31]
reads as follows:
∂ρvi
∂t
+
∂(ρvivk + pδik + w
iEwk)
∂xk
= 0, (9a)
∂ρ
∂t
+
∂ρvk
∂xk
= 0, (9b)
∂ρc1
∂t
+
∂(ρc1v
k + ρEwk)
∂xk
= 0, (9c)
∂wk
∂t
+
∂(wlvl + Ec1)
∂xk
+ vl
(
∂wk
∂xl
− ∂w
l
∂xk
)
= −λk
θ2
, (9d)
∂ρα1
∂t
+
∂ρα1v
k
∂xk
= −ρφ
θ1
, (9e)
∂ρs
∂t
+
∂ρsvk
∂xk
=
ρ
θ1T
φ2 +
ρ
θ2T
λkλk ≥ 0, (9f)
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Here, α1 is the volume fraction of the first phase, which is connected with the volume fraction of
the second phase α2 via the saturation law α1 + α2 = 1, ρ is the mixture mass density, which is
connected with the phase mass densities ρ1, ρ2 via the relation ρ = α1ρ1 + α2ρ2. The phase mass
fractions are defined as c1 = α1ρ1/ρ, c2 = α2ρ2/ρ (c1 + c2 = 1). Eventually, v
i = c1v
i
1 + c2v
i
2 is
the mixture velocity, wi = vi1 − vi2 is the phase relative velocity, s is the specific entropy of the
mixture, and as throughout this paper, we use the notations Ewk ≡ ∂E∂wk , Ec1 ≡ ∂E∂cs , etc.
The phase interaction is presented as algebraic source terms in (9d) and (9e) which are propor-
tional to thermodynamic forces. These source terms are phase pressure relaxation to a common
value and interfacial friction: −ρφ/θ1 = −ρEα1/θ1 and −λk/θ2 = −Ewk/θ2. The coefficients θ1, θ2
characterize the rate of pressure and the velocity relaxation. They can depend on the parameters
of state.
The entropy production in the entropy balance equation (9f) is non-negative due to the defi-
nition of the phase interaction source terms. The energy conservation law holds in the following
form:
∂ρE
∂t
+
∂
(
ρvkE + vi(pδik + ρw
iEwk) + ρEc1Ewk
)
∂xk
= 0, (10)
where E = E1(α1, c1, ρ, s) + E3(v) + E4(c1,w), E1 is the specific internal energy of the mixture,
E2 = v
2/2 is the kinetic energy of the mixture, and E4 =
1
2c1c2w
2 is the kinematic energy of the
relative motion. Note that
E3 + E4 =
1
2
(α1ρ1v
2
1 + α2ρ2v
2
2). (11)
The most important closing relation for system (9) is the internal energy E1, which should be
chosen in such a way that the governing equations take the form of the well-known balance laws
of the two-phase flow model. In [31, 34] it is defined as the mass averaged phase equation of state
E1 = c1e1(ρ1, s) + c2e2(ρ2, s), (12)
where ei(ρi, s) is the specific internal energy of the i-th phase.
This definition leads to the following formulae for the thermodynamic forces (the derivatives of
internal energy with respect to the parameters of state) [31, 34]:
Eα1 =
p2−p1
ρ , p = ρ
2Eρ = α1p1 + α2p2, Ewi = c1c2wi, (13)
Ec1 = e1 + p1/ρ1 − e2 − p2/ρ2 + (1− 2c1)w2/2, Es = T = c1 ∂e1∂s + c2 ∂e2∂s .
Here pi = ρ
2
i
∂ei
∂ρi
, (i = 1, 2) is the phase pressure.
In [34], a model of multiphase compressible flow with arbitrary number of phases is presented,
and it is shown that its governing equations can be written as a symmetric hyperbolic system. It
means that the two-phase equations (9) with the closing relations (13) can also be written as a
symmetric hyperbolic system.
2.3 Thermodynamically compatible master system for two-phase satu-
rated porous media
The SHTC systems of the unified continuum model and the two-phase compressible fluid flow
model presented in the previous sections can be obtained as subsystems of a general master system
written with the use of a generalized internal energy. This master system can be derived from the
first principles by minimizing the Lagrangian and passing to Eulerian coordinates, see [28]. Its
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derivation and connection with a Hamiltonian formulation of irreversible non-equilibrium thermo-
dynamics known as GENERIC is discussed in [28]. In [26], the above-mentioned master system is
applied to the derivation of a model for two-phase solid-fluid media experiencing a stress-induced
solid-fluid phase transformation. The goal of the present paper is to develop a two-phase model
for compressible fluid flow in deforming porous media.
Let us consider the following PDE master system:
∂ρvi
∂t
+
∂(ρvivk + pδik + w
iEwk − σik)
∂xk
= 0, (14a)
∂Aik
∂t
+
∂Aimv
m
∂xk
+ vj
(
∂Aik
∂xj
− ∂Aij
∂xk
)
= −ψik
θ
, (14b)
∂ρ
∂t
+
∂ρvk
∂xk
= 0, (14c)
∂ρc1
∂t
+
(∂ρc1v
k + ρEwk)
∂xk
= 0, (14d)
∂wk
∂t
+
∂(wlvl + Ec1)
∂xk
+ vl
(
∂wk
∂xl
− ∂w
l
∂xk
)
= −λk
θ2
, (14e)
∂ρα1
∂t
+
∂ρα1v
k
∂xk
= −ρϕ
θ1
, (14f)
∂ρs
∂t
+
∂ρsvk
∂xk
=
ρ
θT
ψikψik +
ρ
θ1T
ϕ2 +
ρ
θ2T
λkλk ≥ 0, (14g)
The application of the master system (14) to designing a concrete physical process has to
be done by the proper choice of the generalized energy potential E. If, for example, we take
E = E(v, ρ,A, s), we can neglect equations (14d), (14e), (14f) and obtain the PDEs for the unified
model of continuum mechanics (1). On the other hand, if we take E = E(α1, c1, ρ,w, s), we
obtain the governing PDEs for compressible two-phase flow (9). Therefore, the governing PDEs
for deformed continuum and for compressible two-phase fluid flow can be viewed as consequences
of (14). It seems natural to take this general system as a basis for a two-phase solid-fluid mixture
model.
First, we identify the parameters of state in (14) with physical parameters characterizing de-
forming porous media. Let the parameter α1 characterize the volume fraction of the liquid com-
ponent in the solid-fluid mixture, which means that it can be identified with the porosity, usually
denoted by φ. Then α2 = 1 − α1 is the volume fraction of the solid phase of the porous ma-
terial. As in Section 2.2, the mixture density ρ is connected with the phase mass densities via
ρ = α1ρ1 + α2ρ2. The parameter c1 represents the mass fraction of the liquid component. And,
by analogy with the two-phase flow model, vi = c1v
i
1 + c2v
i
2 is the velocity of the mixture and
wi = vi1 − vi2 is the relative velocity. We consider a single entropy approximation of the two-phase
medium and introduce the entropy of the mixture s. Finally, as a measure of deformation of the
element of the porous medium we consider the distortion A of the mixture.
Let us now take the generalized total energy potential in the same form as in the case of a
unified deforming continuum (3), but taking into account the two-phase nature of the medium and
assuming that the energy corresponding to volume deformation is defined as in the two-phase fluid
model:
E = E1(α1, c1, ρ, s) + E2(c1, ρ, s,A) + E3(v) + E4(c1,w). (15)
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Here we assume that
E1 = c1e1(ρ1, s) + c2e2(ρ2, s), E3 =
1
2
v2, E4 = c1c2
1
2
w2. (16)
We take the part of energy related to volume deformation as the mass averaged energy of the
phases, because it naturally follows from the additivity of the energy per unit volume:
ρE1 = α1ρ1e1(ρ1, s) + α2ρ2e2(ρ2, s). (17)
The kinetic energy of the relative motion, E4, remains the same as is in the two-phase flow model.
As to the energy of shear deformation, E2, there is no rigorous justification for its definition. It
is clear that the volume deformation of two-phase mixture can be represented as the sum of the
volume deformations of the solid and fluid constituents. On the other hand, general deformation,
and shear deformation in particular, cannot be simply divided into solid and fluid parts, and hence
one can take the normalized distortion defined is Section 2.1 as a measure of deformation of the
whole element of the saturated porous medium. The energy of shear deformation then can be
characterized by the energy introduced in Section 2.1, 18c
2
sh
(
tr(g2)− 3). Then, we require that
shear energy tends to zero if the amount of solid phase tends to zero in the solid-fluid mixture.
That is why we take elastic energy in the form1
E2 = c2
1
8
c2sh
(
tr(g2)− 3) , (18)
where, in fact, instead of c2 one can take an arbitrary function of c2 which is equal to zero in
the case of c2 = 0 (pure liquid) and equal to 1 in the case of c2 = 1 (pure solid), However, our
choice seems to be the simplest one, and it gives physically reasonable results in the modeling of
wavefields.
As soon as we define the generalized energy by (15), (16), (17), (18), the closing relations in
the phase interaction source terms are defined via the thermodynamic forces:
ψik = EAik , λk = Ewk , ϕ = Eα1 . (19)
The solution to system (14) satisfies the energy conservation law which reads as
∂ρE
∂t
+
∂
(
ρvkE + vi(pδik + ρw
iEwk − σik) + ρEc1Ewk
)
∂xk
= 0 (20)
and should be used instead of the entropy balance law (14g) in the development of numerical
methods.
Finally, with the above definitions of the energies, we obtain the following system of governing
PDEs for compressible flow in deforming porous media, which is written in terms of the phase
1In this paper, the effect of the fluid viscosity is taken into account only via the friction source term in the equation
for relative velocity (14e) while the anisotropic part of the stress tensor does not contain a contribution from viscous
stresses. In a more general situation when this contribution has to be taken into account, one should simply take
the shear sound speed of the mixture as sum of the shear sound speeds of the phases, c2sh = c1c
2
sh,1 + c2c
2
sh,2. In
this paper, shear sound speed of the fluid phase is set to zero, csh,1 = 0.
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parameters:
∂(α1ρ1v
i
1 + α2ρ2v
i
2)
∂t
+
∂(α1ρ1v
i
1v
k
1 + α2ρ2v
i
2v
k
2 + pδik − σik)
∂xk
= 0, (21a)
∂Aik
∂t
+
∂Aijv
j
∂xk
+ vj
(
∂Aik
∂xj
− ∂Aij
∂xk
)
= −ψik
θ
, (21b)
∂α1ρ1
∂t
+
∂α1ρ1v
k
1
∂xk
= 0, (21c)
∂α2ρ2
∂t
+
∂α2ρ2v
k
2
∂xk
= 0, (21d)
∂wk
∂t
+
((v21 − v22)/2 + e1 + p1/ρ1 − e2 − p2/ρ2 − E2)
∂xk
+ vl
(
∂wk
∂xl
− ∂w
l
∂xk
)
= −λk
θ2
, (21e)
∂ρα1
∂t
+
∂ρα1v
k
∂xk
= −ρϕ
θ1
, (21f)
∂ρs
∂t
+
∂ρsvk
∂xk
=
ρ
θT
ψikψik +
ρ
θ1T
ϕ2 +
ρ
θ2T
λkλk ≥ 0, (21g)
For the derivation of the above system from equations (14), the following formulae for the thermo-
dynamic forces are used:
Eα1 =
p2−p1
ρ , p = ρ
2Eρ = α1p1 + α2p2, σij = −c2ρ c
2
sh
2 (gikgkj − 13gmngnmδij) = α2σ˜ij ,
Ewi = c1c2w
i, Ec1 = e1 + p1/ρ1 − e2 − p2/ρ2 − E2 + (1− 2c1)|w|2/2, (22)
E2 = c2
1
8c
2
sh
(
tr(g2)− 3) , Es = T = c1 ∂e1∂s + c2 ∂e2∂s .
For the derivation of (22) we use formula (17) for the internal energy of the mixture and the
relationship between the mixture parameters and the individual phase densities: ρ1 =
ρc1
α1
, ρ2 =
ρc2
α2
.
Details of the derivation can be found, for example, in [31, 34].
The system of equations (21) is equivalent to (14) if the total mass conservation law (14c) is
replaced by the mass conservation law for the second phase (21d).
3 System of governing PDEs for small-amplitude wave prop-
agation in saturated porous media
In this section, we derive equations for small-amplitude wave propagation in a saturated porous
medium at equilibrium. For the derivation, we first transform equations (21) to a more convenient
form. Instead of the total momentum equation and the equation for the relative velocity, consider
momentum equations for each of the constituents. These are derived from (21a) and (21e) and
read as
∂vi1
∂t
+ vk1
∂vi1
∂xk
+
1
ρ1
∂p1
∂xi
− 1
ρ
∂α2σ˜ik
∂xk
+
p1 − p2
ρ
∂α1
∂xi
− c2EAmn
∂Amn
∂xi
(23)
+c2(v
k
1 − vk2 )
(
c2
(
∂vi1
∂xk
− ∂v
k
1
∂xi
)
+ c1
(
∂vi2
∂xk
− ∂v
k
2
∂xi
))
= −α2ρ2
ρ
c1c2
θ2
(vi1 − vi2),
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∂vi2
∂t
+ vk2
∂vi2
∂xk
+
1
ρ2
∂p2
∂xi
− 1
ρ
∂α2σ˜ik
∂xk
+
p1 − p2
ρ
∂α1
∂xi
+ c1EAmn
∂Amn
∂xi
(24)
−c1(vk1 − vk2 )
(
c2
(
∂vi1
∂xk
− ∂v
k
1
∂xi
)
+ c1
(
∂vi2
∂xk
− ∂v
k
2
∂xi
))
=
α1ρ1
ρ
c1c2
θ2
(vi1 − vi2),
where the derivative EAmn can be taken as in (5).
In addition to the above equations, we consider phase mass conservation laws and balance
equations for the volume fraction, distortion, and entropy, which can be written in the following
quasilinear form:
∂ρ1
∂t
+ vk1
∂ρ1
∂xk
+ ρ1
∂vk1
∂xk
+
ρ1c2
α1
(vk1 − vk2 )
∂α1
∂xk
=
ρ1
α1ρ
p2 − p1
θ1
, (25a)
∂ρ2
∂t
+ vk2
∂ρ2
∂xk
+ ρ2
∂vk2
∂xk
+
ρ2c1
α2
(vk1 − vk2 )
∂α1
∂xk
= − ρ2
α2ρ
p2 − p1
θ1
, (25b)
∂α1
∂t
+ vk
∂α1
∂xk
=
p1 − p2
ρθ1
, (25c)
∂Aij
∂t
+ vk
∂Aij
∂xk
+Aim
∂vm
∂xj
= −EAik
θ
, (25d)
∂s
∂t
+ vk
∂s
∂xk
=
1
θT
EAikEAik +
1
θ1T
(p1 − p2)2
ρ
+
1
θ2T
EwkEwk . (25e)
Small amplitude wave propagation can be described by a PDE system obtained by linearization
of (25) with coefficients defined in the equilibrium state of the original system. Assume that a
medium with given volume fractions of the constituents is at rest and under reference conditions.
This means that its parameters of state are
vk1 = v
k
2 = 0, ρ1 = ρ
0
1, ρ2 = ρ
0
2, α1 = α
0
1, α2 = α
0
2 = 1− α01, Aij = δij , s = 0. (26)
The other parameters of the medium computed with the above ones also correspond to the medium
at rest:
p1 = p2 = 0, σ˜ik = 0, v
k = 0, wk = 0, amn = 0. (27)
We are interested in differential equations for small perturbations of the equilibrium solution
(26). Thus, our goal is to find a solution to the system of equations (23), (24), and (25) in the
form
vk1 = 0 + δv
k
1 , v
k
2 = 0 + δv
k
2 , ρ1 = ρ
0
1 + δρ1, ρ2 = ρ
0
2 + δρ2, (28a)
α1 = α
0
1 + δα1, Aij = δij + δAij , s = 0 + δs0. (28b)
Equations for perturbations of the equilibrium solution can be derived by substituting (28) into
(23), (24), and (25) and neglecting the terms of orders higher than the first one. The following
relations for perturbed phase pressures will also be used:
δp1 =
K1
ρ01
δρ1, δp2 =
K2
ρ02
δρ2, (29)
where K1 = ρ
0
1
∂p1
∂ρ1
∣∣∣
ρ1=ρ01,s=0
, K2 = ρ
0
2
∂p2
∂ρ2
∣∣∣
ρ2=ρ02,s=0
are the bulk moduli of the liquid and solid
phases, respectively.
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The deformation of the medium in case of small perturbations of the equilibrium solution
can be described by any of the known equivalent strain tensors. In particular, one can use the
Almansi strain tensor ε = (I − G)/2, where G = ATA. For small perturbations of distortion
Aij = δij + δAij , the stress-strain relation (22) takes the form
σij = 2α2ρ2c
2
s
(
εij − ε11 + ε22 + ε22
3
δij
)
, (30)
where εij = −(δAij + δAji)/2 are the components of the Almansi strain tensor ε. Thus, for small
perturbations we have
δσij = α
0
2σ˜ij = 2α
0
2ρ
0
2c
2
s
(
εij − ε11 + ε22 + ε22
3
δij
)
. (31)
Small perturbation of EA = −F Tσ reads as
δEAij = −
δσ
ρ0
= −2α02
ρ02c
2
s
ρ0
(
εij − ε11 + ε22 + ε22
3
δij
)
. (32)
Now, omitting the notation δ for the perturbations, we obtain the following system:
∂vi1
∂t
+
1
ρ01
∂p1
∂xi
− α
0
2
ρ0
∂σ˜ik
∂xk
= −α
0
2ρ
0
2
ρ0
c01c
0
2
θ2
(vi1 − vi2), (33a)
∂vi2
∂t
+
1
ρ02
∂p2
∂xi
− α
0
2
ρ0
∂σ˜ik
∂xk
= +
α01ρ
0
1
ρ0
c01c
0
2
θ2
(vi1 − vi2), (33b)
∂ρ1
∂t
+ ρ01
∂vk1
∂xk
=
ρ01
α01ρ
0
p2 − p1
θ1
, (33c)
∂ρ2
∂t
+ ρ02
∂vk2
∂xk
= − ρ
0
2
α02ρ
0
p2 − p1
θ1
, (33d)
∂α1
∂t
=
p1 − p2
ρ0θ1
, (33e)
∂Aij
∂t
+ δim
∂vm
∂xj
= −EAik
θ
(33f)
∂s
∂t
= 0. (33g)
One can see that entropy remains constant in time. That means that entropy has no influence
on small perturbation wavefields, and the equation for entropy can be neglected. Also, because
the shear stress σ˜ij depends on the small strain tensor εij , the equation for distortion A (33f) can
be replaced by an equation for ε, which reads as
∂εij
∂t
− 1
2
(
∂vi
∂xj
+
∂vj
∂xi
)
= −2
θ
α02
ρ02c
2
s
ρ0
(
εij − ε11 + ε22 + ε22
3
δij
)
. (34)
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Finally, we obtain the following system:
∂vi1
∂t
+
1
ρ01
∂p1
∂xi
− α
0
2
ρ0
∂σ˜ik
∂xk
= −α
0
2ρ
0
2
ρ0
c01c
0
2
θ2
(vi1 − vi2), (35a)
∂vi2
∂t
+
1
ρ02
∂p2
∂xi
− α
0
2
ρ0
∂σ˜ik
∂xk
= +
α01ρ
0
1
ρ0
c01c
0
2
θ2
(vi1 − vi2), (35b)
∂ρ1
∂t
+ ρ01
∂vk1
∂xk
=
ρ01
α01ρ
0
p2 − p1
θ1
, (35c)
∂ρ2
∂t
+ ρ02
∂vk2
∂xk
= − ρ
0
2
α02ρ
0
p2 − p1
θ1
, (35d)
∂α1
∂t
=
p1 − p2
ρ0θ1
, (35e)
∂εij
∂t
− 1
2
(
∂vi
∂xj
+
∂vj
∂xi
)
= −2
θ
α02
ρ02c
2
s
ρ0
(
εij − ε11 + ε22 + ε22
3
δij
)
. (35f)
These equations form a basis for our study of small-amplitude waves in a porous saturated
medium at rest.
Furthermore, we will impose a condition that will help further simplify the PDE system (35).
Our concern is to derive equations for waves which have wavelengths much bigger than the char-
acteristic size of the pores. This means that we assume instantaneous phase pressure equalizing.
This is because the process is fully determined by pressure waves propagation and reflection at
the pore boundaries and, thus, the characteristic time scale for reaching a pressure equilibrium is
small.
The instantaneous relaxation of the phase pressures leads to governing equations obtained in
the relaxation limit of (35) as θ1 → 0. In this case the resulting system is the system (35) in which
the equation for α1 is replaced by an algebraic equation: p1 = p2 = P . Then, since the phase
pressures are equal, we have from (29) that
K1
ρ01
ρ1 =
K2
ρ02
ρ2
and, hence, the two equations for the phase densities ρ1, ρ2 can be replaced by a single equation
for the pressure P :
∂P
∂t
+
α01
α01K
−1
1 + α
0
2K
−1
2
∂vk1
∂xk
+
α02
α01K
−1
1 + α
0
2K
−1
2
∂vk2
∂xk
= 0. (36)
Now, taking into account (30), (36) and vk1 = v
k + c02w
k, vk2 = v
k − c01wk and denoting
sik = σ˜ik, we obtain the resulting system written in terms of the mixture velocities, relative
velocities, pressure, and shear stress:
ρ0
∂vi
∂t
+
∂P
∂xi
− α02
∂sik
∂xk
= 0, (37a)
∂wk
∂t
+
(
1
ρ01
− 1
ρ02
)
∂P
∂xi
= −c
0
1c
0
2
θ2
wk, (37b)
∂P
∂t
+K
∂vk
∂xk
+
α01α
0
2
ρ0
(
ρ02 − ρ01
)
K
∂wk
∂xk
= 0, (37c)
∂sik
∂t
− µ
(
∂vi
∂xk
+
∂vk
∂xi
− 2
3
δik
∂vj
∂xj
)
= −α02
sik
τ
(37d)
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where K =
(
α01K
−1
1 + α
0
2K
−1
2
)−1
, µ = ρ02c
2
sh, and τ is the shear stress relaxation time.
Thus, we have derived the PDE system (37) for small amplitude wave propagation in a saturated
porous medium at rest. In this system, two dissipation mechanisms are present: (i) friction of the
fluid on the pore walls and (ii) shear stress relaxation of the saturated porous medium. In the
following section, some properties of the wavefields governed by (37) will be studied.
4 Comparison of SHTC and Biot models
4.1 Theoretical comparison
The most comprehensive comparative study of Biot’s model and models developed by a classical
two-phase approach based on continuum thermodynamics has been made by Wilmanski [39]. The
conclusion of this paper is that the two-phase model contains all information in Biot’s model about
the features of wave propagation in a saturated porous medium, and, in particular, it predicts the
slow pressure waves and gives a qualitatively correct description of the dependence of the phase
velocities on frequency.
The governing equations of the SHTC model proposed in the present paper differ from those
obtained by the classical two-phase solid-fluid approach, but we will see that qualitatively the
properties of wavefields are the same as those in Biot’s model. We emphasise that the above-
proposed SHTC model can be used for describing the finite deformations in the medium by taking
into account changes in porosity under stress variations and inelastic deformations. It should
be also emphasized that the consideration of finite deformations imposes certain restrictions on
the definition of deformations of the constituents. For example, the density of the mixture is an
additive parameter which can be defined as the sum of partial densities, ρ = α1ρ1 + α2ρ2. On the
other hand, the decomposition of arbitrary finite deformation into deformations of the solid and
fluid phases is questionable, because this could imply the existence of two relaxed reference frames
and two sets of Lagrangian coordinates. That is why we consider distortion A as a measure of
deformation of the whole medium and do not consider deformation of the skeleton separately. In
this context, we recall that our unified continuum model for fluids and solids [29, 8, 7] also relies
on a deformation-based rather than a strain-rate-based description of fluid flows.
The stress-strain relation in the SHTC model fully depends on the definition of the thermody-
namic potential E (15). The total stress which is presented in the total momentum equation (21a)
reads as
Tik = α2(σik − p2)− α1p1, (38)
where σik is the deviatoric trace-free stress tensor (tr(σ) = 0). In Biot’s model, the total stress is
defined as
Tik = σ
ef
ik − nPδik, (39)
where σefik is the so-called effective stress, P is the pore pressure, and n is the Biot coefficient (see,
for example, [21]). Thus, if we take σefik = α2σik in our SHTC formulation (38), we have
Tik = σ
ef
ik − α1p1 − α2p2, (40)
and in the case of instantaneous pressure relaxation with p1 = p2 = P , we obtain Biot’s formula
(39) with n = 1.
Furthermore, note that there is a possibility to specify the energy potential in such a way that
formula (39) holds also in the SHTC model. To do this we define the volumetric part of internal
12
energy as
ρE1 = nc1α1ρ1e1(ρ1, s) + α2ρ2e2(ρ2, s)
instead of (17), and take the pressure relaxation term in the equation for volume fraction as np1−p2ρθ1 .
In this paper we do not discuss this possibility in detail.
As to the momentum balance for the fluid constituent in the SHTC model, there is an additional
force to induce fluid flow, which is connected with the shear stress gradient and not presented in
Biot’s model. Specifically, with the notation vi1 = vf , v
i
2 = vs for the velocities, ρ
0
1 = ρf , ρ
0
2 = ρs for
the densities, and c1 = cf , c2 = cs for the mass fractions, equation (37b) for the relative velocity
can be replaced by the following equivalent equation for the momentum of the fluid:
ρf
∂vif
∂t
+
∂P
∂xi
− ρf
ρ0
∂σik
∂xk
= −ρfc
2
s
θ2
(vif − vis), (41)
where ρ0 = αfρf + αsρs is the mixture density, P is the fluid pressure, σik = αssik is the shear
stress, and cf , cs are the mass fractions of the fluid and solid constituents, respectively. The shear
stress gradient in the left hand-side of (41) is a term which is present in the SHTC equations and
absent in Biot’s model, e.g. see equation (42a) below. In fact, from a physical standpoint, taking
into account the shear stress in the balance equation for the fluid momentum seems to be rather
natural, because the motion of the fluid may be caused not only by the pressure gradient, but also
by tangential deformation of the mixture element.
Overall, the equations for the pressure and shear stress in the SHTC and Biot’s models are
quite different and cannot be transformed one into another, because the stress-strain relationships
and elastic moduli used in these models are different. Nevertheless, it will be shown below that
the features of wavefields are qualitatively similar in both models, and in some cases they are
quantitatively close by a corresponding choice of the material parameters. In the following section,
this statement will be discussed in a more quantitative manner via a plane wave analysis.
4.2 Analysis of wavefields in saturated porous media
The 3D system of governing equations for small-amplitude wave propagation (37) is quite complex,
but an informative analysis can be done for 1D plane waves. In this section, we neglect the stress
relaxation term in the equation for the shear stress tensor of the SHTC model, as it is absent in
Biot’s model.
4.2.1 1D Biot’s theory
The one-dimensional first-order form of the governing equations of the so-called “low-frequency
limit” in Biot’s theory for the vector of state variables (vs, q, σ, p) can be formulated as follows
[5, 20]:
ρf
∂vs
∂t
+ ρf
T
φ
∂q
∂t
+
∂p
∂x
= −η
κ
q, (42a)
ρ
∂vs
∂t
+ ρf
∂q
∂t
− ∂σ
∂x
= 0, (42b)
∂σ
∂t
− (λu + 2µu)∂vs
∂x
− αM ∂q
∂x
= 0, (42c)
∂p
∂t
+ αM
∂vs
∂x
+M
∂q
∂x
= 0, (42d)
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where φ is the porosity, vs and q = φ(vf − vs) are the solid and fluid (relative to the solid) particle
velocities, σ and p are the bulk stress and fluid pressure, respectively. Additionally, ρf is the
fluid density and ρ = (1 − φ)ρs + φρf is the total (mixture) density. Furthermore, the material
parameters are defined as follows:
λu = Ku − 2
3
µu = Km + α
2M − 2
3
µu, M = BKu/α, α = 1−Km/Ku (42e)
Ku =
Km
1− αB , B =
1/Km − 1/Ks
1/Km − 1/Ks + φ(1/Kf − 1/Ks) , (42f)
where the subscript “u” denotes the quantities characterizing the undrained solid matrix, while
the subscript “m” denotes the quantities characterizing the dry matrix. Thus, λu, Ku, and µu are
the undrained Lame´ parameter, bulk modulus, and the shear modulus of the undrained matrix,
respectively, while Km is the bulk modulus of the dry matrix. Additionally, Ks and Kf are the
bulk moduli of grains and fluid, respectively, while B is the so-called Biot parameter, and T is the
tortuosity. Also, it is implied that the shear modulus of the undrained matrix and that of the dry
one coincide, µu = µm.
4.2.2 Characteristic speeds
Let us assume only elastic deformation of the porous material and consider the linearized SHTC
system (37) in one dimension (x = x1) for the vector of state variables
Q = (v1, v2, v3, w1, w2, w3, p, s11, s21, s31). (43)
System (37) can be written in matrix form as follows:
Qt + AQx = S, (44)
where
A =

0 0 0 0 0 0 ρ−1 −α2ρ−1 0 0
0 0 0 0 0 0 0 0 −α2ρ−1 0
0 0 0 0 0 0 0 0 0 −α2ρ−1
0 0 0 0 0 0 R 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
K 0 0 K ′ 0 0 0 0 0 0
− 43µ 0 0 0 0 0 0 0 0 0
0 −µ 0 0 0 0 0 0 0 0
0 0 −µ 0 0 0 0 0 0 0

, S =

0
0
0
− 1θ′2w
1
− 1θ′2w
2
− 1θ′2w
3
0
0
0
0

(45)
with R = 1/ρ1 − 1/ρ2 and θ′2 = θ2/(c01c02). The characteristic speeds λi of system (44) (the
eigenvalues of A) are the roots of the characteristic polynomial det(A − λI) = 0. These roots are
given by the formulas
λ2 = 0, λ2 =
α2µ
ρ
, λ2 =
X + Y ±√(X + Y )2 − 4(X − Z)Y
2
, (46a)
X = K/ρ+RK ′, Y =
4
3
α2µ/ρ, Z = K/ρ. (46b)
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Formula (46a)3 provides the so-called fast Cfast and slow Cslow characteristic speeds corresponding
to longitudinal waves (fast and slow P-waves).
For Biot’s model (42) we have
A =

0 0 φz
T
z
0 0 −φρρfz
−φ
z
αM M 0 0
−λu − 2µu −αM 0 0
 , z = φρf − ρT , (47)
and the characteristic polynomial is
det(A− λI) = λ4 + a2λ2 + a0 = 0, (48a)
a2 =
ρfT (λu + 2µu) + φM(ρ− 2αρf)
ρf(φρf − ρT ) , a0 =
φM(α2M − λu − 2µu)
ρf(φρf − ρT ) , (48b)
while the characteristic speeds are given by the formula
Cfast =
−a2 +
√
a22 − 4a0
2
, Cslow =
−a2 −
√
a22 − 4a0
2
, (48c)
which provides the fast and slow characteristic speeds corresponding to P-waves in Biot’s model.
Figure 1: Comparison of the characteristic speeds for the Biot and SHTC models for the material
parameters given in Table 1. Biot’s model is taken in the version developed by Carcione et al [5].
In Fig 1, for the two models, we compare the characteristic speeds Cfast(φ) and Cslow(φ) of the
fast and slow modes. Some other material parameters are given in Table 1. Note that, in order to
make the curves closer to each other, we have to take the bulk moduli of the solid phase slightly
different.
In the limit cases of φ→ 0 (pure solid) and φ→ 1 (pure fluid) the behavior of the characteristic
speeds in the SHTC model better corresponds to that intuitively expected, i.e. the characteristic
speeds of the mixture coincide with the characteristic speeds of the pure phases (horizontal dashed
and dashed-dotted lines), while the slow mode vanishes. In contrast, in Biot’s model the slow mode
is present even in the pure fluid or pure solid cases.
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Parameters Biot SHTC Unit
Grain:
ρs = ρ2 2500 2500 kg/m
3
Cs 4000 4332 m/s
Csh - 3787 m/s
Ks = K2 = ρ2C
2
s 40 46.9 GPa
µs = µ = ρ2C
2
sh - 35.85 GPa
Matrix, φ = 0.2:
Km 9.48 - GPa
µm 24.5 - GPa
T 3.75 - -
κ 1 · 10−13 - m2
θ2 - 3.36 · 10−7 s
Fluid:
ρf = ρ1 1040 1040 kg/m
3
Cf 1500 1500 m/s
Kf = K1 = ρfC
2
f 2.34 2.34 GPa
η 10−3 - Pa· s
Table 1: Material parameters for the Biot and SHTC models. Here Cs and Cf are the bulk sound
speeds in the solid and fluid, respectively.
4.2.3 Dispersion relations and sound speeds
In this section, we will perform a plane wave analysis of the SHTC and Biot models. Moreover, we
will consider only longitudinal waves. In this case the vector of SHTC state variables reduces to
Q = (v1, w1, p, s11). (49)
By linearizing the right hand-side of system (44) in a neighborhood of Q = Q0 + q, where q is a
small perturbation of an equilibrium state Q0 = (0, 0, p0, 0), we have
qt + Aqx = Sq, (50)
where A and S = ∂S/∂Q are matrices taken at the equilibrium state Q0:
A =

0 0 ρ−1 α2ρ−1
0 0 R 0
K K ′ 0 0
− 43µ 0 0 0
 , S =

0 0 0 0
0 − 1θ′2 0 0
0 0 0 0
0 0 0 0
 . (51)
We seek a solution that has the form
q = q˜ei(ωt−kx), (52)
which represents a plane harmonic wave of real frequency ω and complex wave number k propa-
gating in the direction x, and q˜ = const is a constant vector of amplitudes. By substituting (52)
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in (50), we arrive at a homogeneous linear system for q˜ [23, 36]:(
I− k
ω
A+
i
ω
S
)
q˜ = 0 (53)
where I is the identity matrix of the same size as A and S. From (53) we have the following
dispersion relation for (44):
det
(
I− k
ω
A+
i
ω
S
)
= 0. (54)
The phase velocity Vph (sound speed) and the attenuation factor a are then given by
Vph =
ω
Re(k)
, a = −Im(k). (55)
In addition, it is convenient to use the attenuation per wavelength [36]
aλ = aλ =
2piVpha
ω
= −2pi Im(k)
Re(k)
, (56)
where λ is the wavelength.
There are four solutions to (54) with matrices (51), which are
k(ω) = ±ω
√
X + Y − i(Y + Z)/Ω±√4Y (X − Z)(i/Ω− 1) + (i(Y + Z)/Ω− (X + Y ))2
2(X − Z)Y , (57)
where X,Y , and Z are defined in (46), and Ω = ωθ′2 is the non-dimensional frequency.
Applying the same analysis to the Biot equations (42), we find that the dispersion relation is
a bi-quadratic equation
λ4 + a2λ
2 + a0 = 0, (58a)
a2 = ω
(
−ω(T ρf(λu + 2µu) +Mφ(ρ− 2αρf))
φM (λu + 2µu − α2M) +
iη(λu + 2µu)
κM (λu + 2µu − α2M)
)
, (58b)
a0 = ω
3
(
ρfω(T ρ− ρfφ)
φM (λu + 2µu − α2M) −
iηρ
κM (λu + 2µu − α2M)
)
. (58c)
The phase velocities Vph(ω) and attenuation factor per wavelength aλ(ω) of the fast and slow
sound waves for both models are shown in Fig. 2. Note that there is a difference in the high-
frequency limit of the fast modes, which is, in fact, due to the difference between the characteristic
speeds Cfast and Cslow depicted in Fig. 1. To explain this, recall that the characteristic speeds (the
eigenvalues of the homogeneous hyperbolic system) are the high-frequency limits (ω →∞) of the
sound speeds (the eigenvalues of the non-homogeneous system (50)) [23, 36, 8]. The slow mode
dispersion curves of both models are almost indistinguishable, see Fig. 2, the second column.
Another conclusion is that there is a big difference (∼ 103) in the attenuation factors aλ of the
fast and slow modes for both models in the low frequency region, see Fig. 2, the second row.
5 Numerical test problems for small-amplitude wave prop-
agation
5.1 Finite difference implementation
To discretize the governing equations, the velocity-stress formulation, which was proposed for
elastic-wave equations in [19, 38], is used. The use of a numerical scheme on staggered grids is
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Figure 2: Phase velocities (first row) and attenuation factors per wavelength (second row) for the
fast (first column) and slow (second column) modes of the SHTC and Biot models. The material
parameters are given in Table 1.
quite natural due to the fact that the equations form a symmetric first order system of evolution
equations for the mixture components, relative velocities, pressure, and shear stress.
Following the notation of [38] and [15], we introduce a time-space grid with integer nodes
tn = n∆t, xi = i∆x, yj = j∆y and half-integer nodes t
n+1/2 = (n+ 1/2)∆t, xi+1/2 = (i+ 1/2)∆x,
yj+1/2 = (j + 1/2)∆y , where ∆t, ∆x, and ∆y denote the grid step sizes for the temporal and
spatial axes.
For a discrete function fni,j = f(t
n, xi, yj) defined at the grid nodes, let us introduce second-
order centered finite difference operators:
Dt[f ]
n
i,j =
(f)
n+1/2
i,j − (f)n−1/2i,j
∆t
, At[f ]
n
i,j =
(f)
n+1/2
i,j + (f)
n−1/2
i,j
2
, (59)
Dx[f ]
n
i,j =
(f)ni+1/2,j − (f)ni−1/2,j
∆x
, Dy[f ]
n
i,j =
(f)ni,j+1/2 − (f)ni,j−1/2
∆y
. (60)
The medium parameters are constant within each grid cell [xi−1/2, xi+1/2] × [yj−1/2, yj+1/2],
and they may have discontinuities aligned with grid lines. This condition provides second-order
convergence even for discontinuous medium parameters [22].
The wavefield components are defined at different time-space grid nodes. The components of the
mixture and the relative velocities are defined as (vx)
n
i+1/2,j , (vy)
n
i,j+1/2, (wx)
n
i+1/2,j , (wy)
n
i,j+1/2,
the pressure and the normal components of the deviatoric stress as (p)
n+1/2
i,j , (sxx)
n+1/2
i,j , (syy)
n+1/2
i,j ,
and the shear stress as (sxy)
n+1/2
i+1/2,j+1/2.
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To construct the finite difference scheme, we use a finite volume approximation or balance law
technique [37]. In this case the discrete form of equations (37) reads as
Dt[vx]
n−1/2
i+1/2,j = −
〈
1/ρ0
〉
i+1/2,j
Dx[P ]
n−1/2
i+1/2,j+
+
〈
α02/ρ
0
〉
i+1/2,j
(
Dx[sxx]
n−1/2
i+1/2,j +Dy[sxy]
n−1/2
i+1/2,j
)
,
(61a)
Dt[vy]
n−1/2
i,j+1/2 = −
〈
1/ρ0
〉
i,j+1/2
Dy[P ]
n−1/2
i,j+1/2+
+
〈
α02/ρ
0
〉
i,j+1/2
(
Dx[sxy]
n−1/2
i,j+1/2 +Dy[syy]
n−1/2
i,j+1/2
)
,
(61b)
Dt[wx]
n−1/2
i+1/2,j = −
〈
1/ρ01 − 1/ρ02
〉
i+1/2,j
Dx[P ]
n−1/2
i+1/2,j−
− 〈c01c02/θ2〉i+1/2,j At[wx]n−1/2i+1/2,j , (61c)
Dt[wy]
n−1/2
i,j+1/2 = −
〈
1/ρ01 − 1/ρ02
〉
i,j+1/2
Dy[P ]
n−1/2
i,j+1/2−
− 〈c01c02/θ2〉i,j+1/2At[wy]n−1/2i,j+1/2, (61d)
Dt[sxx]
n
i,j = (µ)i,j
(
4
3
Dx[vx]
n
i,j −
2
3
Dy[vy]
n
i,j
)
− (α02/τ)i,jAt[sxx]ni,j , (61e)
Dt[syy]
n
i,j = (µ)i,j
(
4
3
Dy[vy]
n
i,j −
2
3
Dx[vx]
n
i,j
)
− (α02/τ)i,jAt[syy]ni,j , (61f)
Dt[sxy]
n
i+1/2,j+1/2 = {µ}i+1/2,j+1/2
(
Dx[vy]
n
i+1/2,j+1/2 +Dy[vx]
n
i+1/2,j+1/2
)
−
−{α02/τ}i+1/2,j+1/2At[sxy]ni+1/2,j+1/2, (61g)
Dt[P ]
n
i,j = −(K)i,j
(
Dx[vx]
n
i,j +Dy[vy]
n
i,j
)−
− ((ρ02 − ρ01)α01α02K/ρ0)i,j (Dx[wx]ni,j +Dy[wy]ni,j) , (61h)
where the effective medium parameters on the staggered grids are obtained as volume arithmetic
or harmonic averaging [22]:
〈f〉i+1/2,j = (fi,j + fi+1,j)/2, 〈f〉i,j+1/2 = (fi,j + fi,j+1)/2,
{f}i+1/2,j+1/2 = b(1/fi,j + 1/fi+1,j + 1/fi,j+1 + 1/fi+1,j+1) /4c−1 .
(62)
The thus obtained 2D velocity-stress finite difference scheme is second-order accurate in both
time and space. Note that the approximation can be easily improved by using higher order oper-
ators. The well-known Courant-Friedrichs-Lewy (CFL) stability criterion also holds for this case:
the time step must be chosen small enough in order that the fastest characteristic wave (P-wave)
Cmax travel a distance smaller than the spatial discretization step:
∆tCmax
√
1
∆x2
+
1
∆y2
≤ 1.
A forcing function f(t, x, y) is introduced as the source term in the right-hand side of the
pressure equation or the equations for the normal components of the deviatoric stress in system
(37). In both cases, a volumetric-type source term is obtained. The source function is defined as
the product of Dirac’s delta function in space and Ricker’s wavelet in time:
f(t) = (1− 2pi2f20 (t− t0)2)exp[−pi2f20 (t− t0)2], (63)
where f0 is the source peak frequency and t0 is the wavelet delay.
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No special care is taken to suppress the outgoing waves with the help of absorbing boundary
conditions (for example, PML). The simulation is stopped before the waves have reached the
boundaries of the computational domain. The numerical experiments have been performed on a
desktop computer with Intel(R) Core(TM) i7 3.60 GHz processor.
In the subsequent sections, we will illustrate the main features of wavefield formation and
propagation depending on porosity φ, friction parameter θ2, source peak frequency f0, and shear
relaxation time τ . Before doing this, we start with considering the homogeneous dissipation-less
case.
5.2 Dependence on porosity φ.
The computational domain Ω = [−0.65, 0.65]2 m was discretized with Nx ×Ny grid points, Nx =
Ny = 3250, which amounts to 10 points per slow compressional wavelength in Ω for a source
of central frequency f0 = 10
5 Hz and for various values of porosity φ. The model parameters
were taken from Table 1. The source was located in the center of the computational domain.
The propagation time was chosen to be equal to T0 = 1.1 · 10−4 s with source time delay t0 =
1/f0=0.1 · 10−4 s. The time step was chosen according to the classical Courant stability criterion
for staggered grids with CFL = 0.9.
Fig. 3(a) shows a snapshot of the mixture velocity v1 at time T0, on the whole computational
domain. The porosity parameter was chosen to be equal to φ=0, which corresponds to the case of
a pure elastic solid. In an elastic medium, only one fast P-wave with a velocity equal to 6155 m/s
is excited from a source of volumetric type. The seismogram in Fig. 3(b) confirms the occurrence
of this wave with the predicted velocity. The receivers were located along the x-axis starting from
the source point towards the boundary with a uniform spacing between the receivers.
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Figure 3: A snapshot at time T0 (a) and seismogram (b) of the mixture velocity v
1 for source of
central frequency f0 = 10
5 Hz and porosity parameter φ=0.
Fig. 4 shows the results of calculations similar to the previous ones but with porosity parameter
φ=1. This corresponds to the case of a pure liquid with one pressure wave with a velocity of 1500
m/s. The numerical propagation velocity can be easily estimated from the computed seismogram
in Fig. 4(b) to be exactly 1500 m/s.
The simulation results for porosity parameter φ=0.5 are shown in Fig. 5. The fast P-wave
velocity is estimated to be 4100 m/s from the computed seismogram in Fig. 5(b), which is consistent
with the data from Table 1. In the snapshot of Fig. 5(a) we do not observe the predicted slow P-
wave because it is completely attenuated, not visible at this time, and its amplitude is very small.
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Figure 4: A snapshot at time T0 (a) and seismogram (b) of the mixture velocity v
1 for source of
central frequency f0 = 10
5 Hz and porosity parameter φ=1.
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Figure 5: A snapshot at time T0 (a) and seismogram (b) of the mixture velocity v
1 for source of
central frequency f0 = 10
5 Hz and porosity parameter φ=0.5.
However, if we zoom in the image, we will be able to see this slow P-wave in Fig. 6. The amplitude
variation for several values of φ can also be seen in Fig. 7, where the wavefield distribution along
the x-axis for y = 0 is presented.
Summarizing the results of numerical experiments of this section, we conclude that by varying
porosity φ in system (37), it is possible to correctly describe the three states of the medium: liquid,
solid, and poroelastic.
5.3 Dependence on friction θ2.
In this section, we study the behavior and properties of the fast and slow P-waves, depending on the
parameter θ2. This parameter is present as the denominator in the right-hand side of the second
equation in system (37). By analogy with Biot’s model, θ2 can be viewed as a friction parameter,
because it controls interfacial friction in a multiphase medium and leads to wave dispersion and
attenuation.
Consider the same homogeneous numerical model as in the previous sections with θ2 equal to
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Figure 6: A zoom of snapshot at time 1 · 10−5s (a) and seismogram (b) of the mixture velocity v1
for source of central frequency f0 = 10
5 Hz and porosity parameter φ=0.5.
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Figure 7: The wavefield distribution along the x-axis at time 2.1 · 10−5s and y = 0 of the mixture
velocity v1 for several values of φ: φ = 0.2 (black), φ = 0.5 (blue), φ = 0.8 (red).
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3.36 · 10−7 from Table 1. Let us observe the behavior of the P-waves if we increase or decrease this
parameter twice. Fig. 8(a-c) shows snapshots of the mixture velocity v1 for these three values of θ2.
Significant wave amplitude variations are observed only for slow P-wave. More detailed variations
of the amplitudes can be seen in Fig. 9, where the wavefield along the x-axis at y = 0 is presented.
This figure demonstrates an increase in the amplitude of the slow P-wave with increasing θ2, and
vice versa. A change in the form of slow waves is also observed, while the fast wave remains almost
unchanged.
Summarizing the results of numerical experiments of this section, we conclude that by varying
the parameter θ2 in system (37) it is possible to affect the amplitude and propagation velocity of
the slow P-wave. One of the interesting applications, in our opinion, can be the solution of the
inverse problem of determining the coefficient θ2 by analyzing the ratio of the amplitudes of the
fast and slow waves in a field experiment.
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Figure 8: Snapshots at time 2.1 · 10−5s of the mixture velocity v1 for several values of θ2.
5.4 Dependence on frequency f0.
In this section, we perform a study of dispersion of the wave velocity depending on the source peak
frequency f0 based on the same homogeneous numerical model with parameters from Table 1 as
in the previous sections. The dispersion curves in Fig. 1 show that the main velocity changes are
in the range of 104− 106 Hz. Because of a difference of three orders of magnitude in the frequency
range, our comparison will be made not for a single computational domain, but for three different
domains. More specifically, we use a ten orders of magnitude scaling of both space and time.
Fig. 10 presents snapshots, and Fig. 11 presents seismograms of the mixture velocity v1 for several
frequencies. For each time frequency, a snapshot is recorded at time 5/f0 (including a shift wavelet
delay of 1/f0) for square domains with a side of 5 m (for f0 = 10
4), 0.5 m (for f0 = 10
5), and 0.05
m (for f0 = 10
6). The time and size are chosen in such a way that in the isotropic elastic case
we can obtain three identical snapshots. As expected in the poroelastic case, we observe wavefield
differences which are most clearly seen in the seismograms: the lower the frequency, the stronger
the dispersion and attenuation of the slow P-wave. To estimate the phase velocity, we use a spectral
ratio technique [16], [6] and obtain a phase velocity vp = 420 m/s for a frequency f0 = 10
5 Hz and
vp = 670 m/s for the frequency f0 = 10
6 Hz. It is not possible to make similar estimation for a
frequency f0 = 10
4 due to the fact that the slow wave has a low amplitude. We can also conclude
that the attenuation of the slow P-wave is sufficiently strong even for high frequencies.
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Figure 10: Snapshots of the mixture velocity v1 for several frequencies: f0 = 10
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Figure 11: Seismograms of the mixture velocity v1 for several frequencies: f0 = 10
4 Hz (a), f0 = 10
5
Hz (b), f0 = 10
6 Hz(c).
5.5 Dependence on shear relaxation time.
The aim of this section is to show that there is an additional mechanism of energy dissipation
embedded in system (37) and controlled by the relaxation parameter τ in the right-hand side
of equation (37d). A proper choice of the relaxation time τ allows one to model irreversible
(elastoplastic) deformations in the solid matrix, e.g. [7, 27], or viscous flows [8].
All the previous numerical examples were simulated without relaxation of tangential shear
stresses, that is, the right-hand side in (37d) vanished. Formally, this corresponds to the case of
τ = ∞. It is quite obvious that, for finite values of τ , the mechanism of relaxation of tangential
stresses provides an additional ability of the model to control wave attenuation. To this end,
we again consider the example from the previous Section 5.4 for a frequency f0 = 10
4 Hz and
compare the solution with a similar test, but with allowance for relaxation of tangential stresses.
As expected, a comparison of the seismograms in Fig. 12 shows that relaxation of tangential stresses
leads to dispersion and attenuation of seismic waves. On the distant receivers, it is seen that
the smaller τ , the greater the attenuation. On the nearer receivers, dispersion probably has a
predominant effect.
5.6 Layered media.
This test illustrates the effects of the interfaces between pure fluid, poroelastic and pure elastic
media on an example of a three-layered medium with the media parameters from Table 1. The
size of the computational domain is 0.025 m in the x and y directions. The upper layer is water,
the lower layer is an elastic medium and in the middle, from −0.005 m to 0.005 m, there is a
poroelastic layer with porosity φ=0.2. A source of central frequency f0 = 10
6 Hz is located in the
water layer at the point x = 0, y = −0.01.
In order to present all types of waves, let us consider snapshots of the total velocity vector for
different moments of time. We strongly amplified the wavefield amplitude in Fig. 13 to be able to
pick out the slow compressional waves in the snapshots. In order to interpret the waves arising in
the medium, we use ’P’ to mark P-waves and ’S’ to mark S-waves. The subscript ’r’ indicates the
reflected waves, while the subscript ’t’ indicates the transmitted waves. Also, we use the subscript
’s’ to identify a slow P-wave and the subscript ’f’ to identify a pressure wave in the fluid layer.
The source in the water layer excites a pressure wave ( denoted by Pf in Fig. 13) which prop-
agates towards the poroelastic layer. This wave then reflects from the bottom of the water-
poroelastic interface (PfPr) and generates a fast transmitted P-wave (PfPt), a slow transmitted P-
wave (PfPs), and a transmitted S-wave (PfSt) in the poroelastic medium. Afterwards, these waves
generate a family of transmitted and reflected waves (including a transmitted P-wave (PfPtPt),
an S-wave (PfStSt), and a reflected slow P-wave (PfPtPs)) from the upper and lower boundaries
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Figure 12: Comparison of seismograms of the mixture velocity v1 for several values of τ : no dissipation - black,
τ = 10−5 - red, τ = 10−4 - blue.
of the poroelastic layer.
In this example we see that the propagation of all types of waves predicted by the elasticity and
poroelasticity theories is correct: slow waves arise only in the poroelastic layer, only pressure waves
propagate in the liquid layer, while longitudinal and shear waves appear in the elastic medium.
6 Conclusions
An extension of the unified model of continuum fluid and solid mechanics [8] for compressible fluid
flows in elastoplastic porous media has been proposed. The derivation is based on the Symmetric
Hyperbolic Thermodynamically Compatible (SHTC) theory [28], and the resulting model repre-
sents a combination of the unified continuum model from [8] with the SHTC model for two-phase
compressible flows from [31]. The governing equations satisfy two laws of thermodynamics (energy
conservation and non-decreasing of entropy) and form a first-order symmetric system which is
hyperbolic in the sense of Friedrichs [10] if the generating thermodynamic potential is convex.
Based on the above-proposed non-linear model, a linearized first order PDE system for small-
amplitude wave propagation in a stationary saturated porous medium has been derived. The linear
system is written in terms of the velocity of the solid-fluid mixture, and the relative velocity of
the phase motion, pressure and shear stress. Such a formulation allowed us a straightforward
development of an efficient finite difference scheme on a staggered grid.
A comparison of the above-proposed SHTC model and the classical Biot model for wave prop-
agation in a saturated elastic porous medium has been made. It turns out that, although the basic
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Figure 13: Snapshots of ||v||2 for a layered medium: water (upper layer, φ = 1), poroelastic (middle layer,
φ = 0.2) and elastic solid (bottom layer, φ = 0).
equations of the two models are different, the SHTC model is able to describe all the effects (in
particular, the existence of a slow P-wave) predicted by Biot’s theory, in good quantitative and
qualitative agreement.
A series of two-dimensional test problems for the SHTC model with several values of the
parameters of the model, including porosity and interfacial friction, has been solved. The numerical
results demonstrate that the SHTC model describes correctly all physical characteristics of the
process.
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